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Notation: Strings and Languages

Finite Alphabet X = {0, . . . , r −1}, cardinality |X |= r

Finite strings (words) w = x1 · · ·xn ∈ X ∗, xi ∈ X

Length |w |= n

Prefix v v w if v = x1 · · ·xm, w = x1 · · ·xn and m ≤ n

Languages W ⊆ X ∗

Infinite strings (ω-words) ξ = x1 · · ·xn · · · ∈ X ω

Prefixes of infinite strings ξ[0..n] ∈ X ∗,
∣∣ξ[0..n]

∣∣= n

ω-Languages F ⊆ X ω
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SHANNON’s Channel Capacity

- -Channel Φ
a1 · · ·at · · · x1 · · ·xt · · ·

C(Φ) := lim
t→∞

logr |{x1 · · ·xt : x1 · · ·xt is an output of Φ}|
t
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Entropy of languages (CHOMSKY/MILLER ’58)

The structure function of a language W ⊆ X ∗:

sW (n) := |{w : w ∈W ∧|w |= n}|

The entropy of a language W ⊆ X ∗:

HW := limsup
n→∞

logr (1 + sW (n))

n

Proposition

Let W ⊆ X ∗. Then

limsup
n→∞

sW (n)

rα·n =

{
0, if α > HW and
∞, if α < HW .
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Entropy of languages: analytic functions (KUICH ’70)

The structure generating function of a language W ⊆ X ∗:

sW : C → C∪{∞}
sW (t) := ∑

n∈IN
sW (n) · tn

radW :=
(

limsup
n→∞

n
√

sW (n)
)−1

is its convergence radius.

Proposition

1 HW =− logr radW if W is infinite,

2 |sW (t)|< ∞ if |t|< radW, and

3 sW (t) = ∞ for t > radW if we consider sW : R+→ R+∪{∞} as
a non-negative (monotone) function.
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Entropy of languages: properties and computability

finitely stable HW∪V = max{HW ,HV}
product HW ·V = max{HW ,HV} if W ·V 6= /0

Theorem

1 The entropy of regular (rational) languages is computable
[Chomsky/Miller ’58].

2 The entropy of unambiguous context-free languages is
computable [Kuich ’70].

3 The entropy of context-sensitive languages is uncomputable
[Kaminger ’70].
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Entropy of languages: compression

Let γ :⊆ X ∗→ X ∗ be a (partial) mapping.

γ is a compression for W ⊆ X ∗ if dom(γ)⊇W and γ is one-to-one.

τ(w) := |γ(w)|/|w | is the compression ratio for w ∈W .
The average compression ratio on W ⊆ X ∗ is

τave(W ) := limsup
n→∞

∑w∈W∩X n τ(w)

sW (n)
.

Theorem ([Hansel, Perrin, Simon ’92])

For every infinite W ⊆ X ∗ and every compression γ :⊆ X ∗→ X ∗ of
W we have

HW ≤ τave(W ) .
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Entropy of languages: star languages W ∗

Definition (KLEENE star)

W ∗ := {w1 · · ·w` : `≥ 0∧wi ∈W for 1≤ i ≤ `}

sW ∗(t)≤ 1
1− sW (t)

for 0≤ t < ∞

with equality if W is a code.

Theorem ([St’88])

Let W ⊆ X ∗ be an infinite language. Then for every ε > 0 there is a
finite subset U ⊆W such that

HW ∗−HU∗ < ε .
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Entropy of languages: regular languages I

Lemma

If W ⊆ X ∗ is a regular language accepted by a k-state automaton.
Then

sW (n)≤ sinfix(W )(n)≤ (k + 1)2 ·∑2k
i=0 sW (n + i).

Corollary

If W ⊆ X ∗ is a regular language then
HW = Hpref(W ) = Hinfix(W ).

Lemma

If /0 6= W ⊆ X ∗ is regular and a finite union of codes then
HW < HW ∗ .
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Entropy of languages: regular languages II

Theorem ([Merzenich and St. ’94])

Let W be regular and sW (n)≤ c · rHW ·n for some c > 0 and all n ∈ IN
and HW = HW∩w ·X ∗ for all w ∈ pref(W ).
If V ⊆W is a regular language such that V ∩w ·X ∗ ⊂W ∩w ·X ∗ for
all w ∈ pref(W ) then HV < HW .

Lemma ([St’85])

Let /0 6= W ⊆ X ∗ be regular. Then there are constants c1,c2 > 0 such
that

c1 · rHW∗ ·n ≤i.o. sW ∗(n)≤ c2 · rHW∗ ·n .

Corollary (Folklore: forbidden subwords)

If /0 6= W ⊆ X ∗ is regular and irreducible and u ∈ infix(W ) then
HWrX ∗uX ∗ < HW .
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X ω as CANTOR space

Metric: ρ(η,ξ) := inf{r−|w | : w ∈ pref(η)∩pref(ξ)}

Balls in (X ω,ρ): w ·X ω = {η : w ∈ pref(η)}
= Bε(ξ) = {η : ρ(ξ,η) < ε}

when w ∈ pref(ξ) and |w |= b− logr εc+ 1

Diameter: diamw ·X ω = r−|w |

Open sets: W ·X ω =
⋃

w∈W
w ·X ω

Closure: clρ(F) = {ξ : pref(ξ)⊆ pref(F)}

Theorem

(X ω,ρ) is a compact metric space.
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Dimensions in CANTOR space

1 entropy dimension, or box-counting dimension, or
MINKOWSKI dimension etc. [Tricot ’81];
upper and lower case

2 HAUSDORFF dimension

3 Packing dimension, or modified upper box-counting dimension

Dimensions measure to some extent the density of subsets in
CANTOR space [Falconer ’90].
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Box-counting dimension

Idea: spref(F)(n) is the minimum number of balls of diameter r−n to
cover the set F ⊆ X ω.

Definition
lower box-counting dimension

dimB(F) := lim inf
n→∞

logr (spref(F)(n) + 1)/n

upper box-counting dimension
dimB(F) := limsup

n→∞

logr (spref(F)(n) + 1)/n = Hpref(F)

Properties
monotone E ⊆ F → dimB(E)≤ dimB(F)

finitely stable dimB(E ∪F) = max{dimB(E),dimB(F)}
shift invariant dimB(w ·F) = dimB(F) (dimB for both)

closure dimB(F) = dimB(clρ(F))
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HAUSDORFF Measure

For H α(F ;W ) := ∑v∈W (diamv ·X ω)α = ∑v∈W r−α·|v | the function

H α(F) := lim
n→∞

inf
{

H α(F ;W ) : W ·X ω ⊇ F ∧ inf{|v | : v ∈W} ≥ n
}

is a metric outer measure on X ω.

6

-
q

H α(F)

α

0 1α0

H α0 (F)

∞

0
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HAUSDORFF dimension

Definition (HAUSDORFF dimension)

dimH F = sup{α : α = 0∨H α(F) = ∞}= inf{α : H α(F) = 0}

Properties
monotone E ⊆ F → dimH(E)≤ dimH(F)

countably stable dimH
⋃
i∈IN

Fi = supi∈IN dimH(Fi)

shift invariant dimH(w ·F) = dimH(F)
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HAUSDORFF dimension: a combinatorial property

Definition (Uniformly bounded growth of subtrees)

A subset F ⊆ X ω is said to have uniformly bounded growth provided
for every n ∈ IN and all ε > 0 the condition

lim
|w |→∞

spref(F)∩w ·X ∗(n + |w |)
spref(F)(n) · r ε·|w | = 0

holds true.

Theorem (St. ’89)

Let F ⊆ X ω. If F has uniformly bounded growth then

dimH clρ(F) = dimBF = Hpref(F) .
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Packing dimension

Definition (Packing or modified upper box-counting dimension)

dimPF := inf{sup
i∈IN

dimBFi :
⋃

i∈IN
Fi ⊇ F}

Properties
monotone E ⊆ F → dimP(E)≤ dimP(F)

countably stable dimP
⋃
i∈IN

Fi = supi∈IN dimP(Fi)

shift invariant dimP(w ·F) = dimP(F)

Proposition (Relations)

dimH F ≤ dimP F ≤ dimBF and dimH F ≤ dimBF ≤ dimBF
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Entropy characterisations

Let W ⊆ X ∗ and define the limits

i.o.-limit
−→
W := {ξ : ξ ∈ X ω∧|pref(ξ)∩W

∣∣= ∞} and

a.e.-limit W ↑ := {ξ : ξ ∈ X ω∧|pref(ξ)rW
∣∣< ∞}

Proposition ([Rogers ’70, St. ’93, Hitchcock ’05])

Let F ⊆ X ω. Then

dimH F := inf{HW : W ⊆ X ∗∧F ⊆−→W } and

dimP F := inf{HW : W ⊆ X ∗∧F ⊆W ↑} .
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Entropy characterisations: effectivisation

Definition (Σ2-definable ω-languages)

F ⊆ X ω is Σ2-definable :⇔
there is a computable set MF ⊆ IN×X ∗ such that

ξ ∈ F ←→ ∃i ∈ IN : ∀w ∈ pref(ξ) : (i,w) ∈MF .

Corollary

F ⊆ X ω is Σ2-definable if and only if there is a computable W ⊆ X ∗

such that F = W ↑.

Theorem (St. ’98)

If F ⊆ X ω is a Σ2-definable set then

dimH F = inf{HW : W ⊆ X ∗∧W is computable ∧F ⊆−→W } .
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ω-power languages and regular ω-languages

ω-power languages: W ω := {w1 · · ·wi · · · : wi ∈W ∧|wi |> 0}

Proposition

dimH W ω = HW ∗ and dimP clρ(W ω) = dimBW ω

Regular ω-languages: F =
⋃n

i=1 Vi ·W ω
i where all languages Vi ,Wi

are regular.

Proposition

1 If W ⊆ X ∗ is regular then dimH W ω = dimBW ω

2 If F ⊆ X ω is regular then dimH F = dimP F.



Entropy Dimensions β-entropy β-dimension References

Regular ω-languages: density

Proposition

Let /0 6= F ⊆ X ω be regular, α = dimH F. Then H α(F) > 0.

Theorem (Measure-category theorem [St. ’98])

Let /0 6= F ⊆ X ω be regular, 0 < α = dimH F, H α(F) < ∞ and
dimH(F ∩w ·X ω) = dimH F whenever F ∩w ·X ω 6= /0.
Then for every regular E ⊆ F the following conditions are equivalent:

1 E is of first BAIRE category in F ,

2 H α(E) = 0, and

3 dimH E < dimH F.
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Applications: tail exchange property

Theorem (Semenov ’84, Perrin and Schupp ’86)

Let E ⊆ −ωX ω be an automaton definable set of bi-infinite words, and
a let x,y ∈ −ωX ω having the same set of factors which in addition
occur to both sides infinitely often.
Then x ∈ E implies y ∈ E.

Theorem ([St. ’98, St. ’12])

Let F ⊆ X ω be regular, ξ,η have recurrent tails and
infix∞(ξ) = infix∞(η) be a regular language.

If ξ ∈ F then there are w ∈ pref(ξ) and an m ∈ IN such that
w ·η[m..∞] ∈ F.

Further applications: KOLMOGOROV complexity
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β-entropy: definition

Recall

∑
w∈W

(
1
r

)s·|w | =

{
∞, if s < HW and
< ∞, if s > HW .

Let β : (X ∗, ·)→ ((0,∞), ·) be a morphism (valuation,distribution).

Definition (β-entropy)

Let W ⊆ X ∗. The unique point α ∈ (0,∞)∪{∞} for which

β
s(W ) := ∑

w∈W
β(w)s·|w | =

{
∞, if s < α and
< ∞, if s > α

holds is referred to as the β-entropy Hβ

W of W .
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β-entropy: typical plots

6

-0
0

βs(W )

sα

∞ βα(W )

case βα(W ) = ∞

6

-0
0

βs(W )

sα

∞

βα(W )
case βα(W )< ∞
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β-entropy: regular languages

Theorem ([Mauldin/Williams ’88, Bandt ’89])

If β is a computable mapping and W is regular then Hβ

W is
computable.

Lemma

If W ⊆ X ∗ is a regular language then Hβ

W = Hβ

pref(W ) = Hβ

infix(W ).

Lemma ([Fernau/St. ’01])

If /0 6= W ⊆ X ∗ is regular and a finite union of codes and Hβ

W < ∞ then

Hβ

W < Hβ

W ∗ .
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β-entropy: star languages

Definition (c-essential domain for β)

Vβ,c := {w : w ∈ X ∗∧β(w)≤ c|w |}

Remark. If max{β(x) : x ∈ X} ≤ c < 1 then Vβ,c = X ∗.

Theorem ([Fernau/St. ’01])

Let W ⊆ Vβ,c for some c < 1. Then, for every ε > 0, there is a finite
subset U ⊆W such that

Hβ

W ∗−Hβ

U∗ < ε .
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β-metric in CANTOR-space

Definition (β-metric)

ρβ(ξ,η) =

{
0 , if ξ = η , and
min{β(w) : w ∈ pref(ξ)∩pref(η)} , otherwise.

Fact

1 If β(x) < 1 for all x ∈ X then (X ω,ρβ) is (topologically)
homeomorphic to the usual CANTOR-space (X ω,ρ).

2 If β(x)≥ 1 for some x ∈ X then the space (X ω,ρβ) contains
isolated points.
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HAUSDORFF-dimension in (X ω,ρβ)

H α

β
(F) := lim

ε→0
inf
{

∑
w∈W

r−α·|w | : F ⊆W ·X ω∧∀w(w ∈W→ β(w)≤ ε)
}

dimβ

H F = sup{α : α = 0∨H α

β
(F) = ∞}= inf{α : H α

β
(F) = 0}

Lemma (Countable stability)

dim(β)
H

⋃
i∈IN Fi = supi∈IN dim(β)

H Fi

Theorem (Entropy characterisation via the i.o.-limit)

Let F ⊆−−→Vβ,c for some c < 1. Then

dim(β)
H F = inf

{
Hβ

W : W ⊆ Vβ,c ∧F ⊆−→W
}
.
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ω-power languages and regular ω-languages

Lemma

If c ∈ (0,1) and W ⊆ Vβ,c , then dim(β)
H W ω = Hβ

W ∗ .

Lemma

If c ∈ (0,1) and W ⊆ Vβ,c is a regular language, then

dim(β)
H W ω = dim(β)

H clβ(W ω) .
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